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In magnetically ordered systems, the breaking of SU(2) symmetry in the thermodynamic limit is associated
with the appearance of a special type of low-lying excitations in finite-size energy spectra, the so-called tower
of states (TOS). In the present work, we numerically demonstrate that there is a correspondence between the
SU(2) tower of states and the lower part of the ground-state entanglement spectrum (ES). Using state-of-the-art
density matrix renormalization group (DMRG) calculations, we examine the ES of the 2D antiferromagnetic
J1-J2 Heisenberg model on both the triangular and kagome lattice. At large ferromagnetic J2, the model exhibits
a magnetically ordered ground state. Correspondingly, its ES contains a family of low-lying levels that are
reminiscent of the energy tower of states. Their behavior (level counting, finite-size scaling in the thermodynamic
limit) sharply reflects TOS features, and is characterized in terms of an effective entanglement Hamiltonian that
we provide. At large system sizes, TOS levels are divided from the rest by an entanglement gap. Our analysis
suggests that (TOS) entanglement spectroscopy provides an alternative tool for detecting and characterizing
SU(2)-broken phases using DMRG.
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I. INTRODUCTION
Recent years have witnessed an increasing interest in
entanglement related quantities (and quantum information
concepts in general) as new tools to understand the behavior
of quantum many-body systems.1 Very recently, the entangle-
ment spectrum2 (ES) has established itself as a new prominent
research topic. Considering the bipartition of a system into
parts A and B, the ES, {ξi}, is constructed from the Schmidt
decomposition
|ψ〉 =
∑
i
e−ξi/2
∣∣ψAi 〉⊗ ∣∣ψBi 〉. (1)
Here, |ψ〉 is the ground state, and the states |ψAi 〉 (|ψBi 〉)
provide an orthonormal basis for subsystem A (B). The ES
{ξi} can also be interpreted as the spectrum of the so-called
entanglement Hamiltonian HE ≡ − ln ρA, where the reduced
density matrix ρA is obtained by tracing out part B in the full
system density matrix |ψ〉〈ψ |.
While in one-dimensional (1D) systems the structure of
ES is related to integrability3–5 and (for gapless systems)
to conformal invariance,5–8 higher dimensions are by far
less explored. In particular, most of the recent literature on
two-dimensional (2D) systems focused on ES properties in
topological phases.2,9
In more standard (i.e., nontopological) 2D systems, al-
though some results are available10–13, much less is known.
Nevertheless, it has been established recently that in systems
displaying ordered ground states (in the thermodynamic limit),
with breaking of a continuous symmetry, the lower part of
the ES is in correspondence with the so-called “tower of
states” (TOS) spectrum.14,15 This describes the low-energy
structure of finite-size spectra in systems that spontaneously
break a continuous symmetry. In combination with exact
diagonalization techniques, tower of states spectroscopy is
routinely used to detect symmetry broken phases.16–23
So far, tower of states structures in ES have only been
observed numerically in the superfluid phase of the 2D Bose-
Hubbard model,15 where the formation of a Bose condensate
is associated with the breaking of a U(1) gauge symmetry
(reflecting conservation of the total number of particles in
finite systems). The resulting TOS spectrum, however, (and
the lower part of the ES thereof) is “trivial” with one level
(excitation) per particle number sector.15
Richer behavior is expected in SU(2)-broken phases, where
different SU(2) breaking patterns (i.e., Ne´el states) give rise to
different structures in the energy TOS. For instance, for Ne´el
order with more than two ferromagnetic sublattices [associated
with full breaking of SU(2)], the spin-resolved TOS spectrum
exhibits a family of levels (i.e., more than one level) in each
spin sector.24
In this paper, we demonstrate that this richer structure
is reflected in the lower part of the ES, providing a more
stringent check of the correspondence between tower of states
and entanglement spectrum. To be specific, we focus on the
2D Heisenberg model with nearest and next-nearest-neighbor
interaction (J1 and J2, respectively). We consider both the
kagome (KHA) and the triangular lattice (THA), restricting
ourselves to ferromagnetic J2 (J2 = −1), to ensure a
magnetically ordered ground state on both lattices. In order
to take advantage of the SU(2) invariance of the model,
we employ non-Abelian [SU(2)-symmetric] density matrix
renormalization group (DMRG) simulations.
Our results are summarized as follows. In both the J1-J2
KHA and THA, in the symmetry broken phase, the lower
part of the ES (resolved with respect to the block spin SA)
sharply reflects the same TOS structure as the physical bulk
Hamiltonian. Low-lying ES levels are organized into families,
each corresponding to a different SA and containing more than
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one level (in contrast to the Bose-Hubbard model where the
TOS structure is “trivial”). The counting of TOS levels in each
SA sector reflects the corresponding counting in the energy
TOS.
The TOS-like structure is divided from higher levels
by an entanglement gap, which remains finite (or vanishes
logarithmically) in the thermodynamic limit (as found in
the Bose-Hubbard ES15). All ES levels below the gap are
degenerate in the thermodynamic limit, and their finite-size
behavior is fully understood within the framework of the TOS-
ES correspondence. Oppositely, for finite systems, ES levels
within each TOS family are not exactly degenerate (similarly
to energy TOS24) giving rise to intriguing entanglement
(TOS) substructures. The main features of TOS levels (TOS
substructures, finite-size behaviors) are quantitatively charac-
terized by an approximate mapping between the entanglement
Hamiltonian and the physical bulk Hamiltonian.
Finally, as an additional point, we investigate the effect of
boundary conditions on the TOS structure. To this purpose,
we consider the ES of the J1-J2 KHA (J2/J1 = −1) on the
torus geometry, which has the net effect of introducing two
boundaries (edges) between subsystem A and B. We find that
in SU(2) broken phases, the structure of the ES is weakly
affected by boundaries, reflecting the bulk origin of TOS
excitations. This is dramatically different in gapped phases4,15
or in FQH systems9 where the ES obtained from bipartitions
with multiple edges can be constructed combining single-edge
ES.
On the methodological side, our analysis suggests that
entanglement TOS spectroscopy, combined with SU(2) sym-
metric DMRG, could provide a potentially powerful tool to
detect and characterize magnetically ordered ground states.
Also, while conventional energy TOS spectroscopy requires
the calculation of several excited states (which is computa-
tionally expensive in DMRG), ES are readily obtained from
ground-state wave functions only.
The paper is organized as follows. Section II introduces the
J1-J2 Heisenberg model on both the kagome and triangular
lattice. Some basic facts about conventional (energy) tower
of states spectroscopy in SU(2) broken phases are given in
Sec. III. In Sec. IV, we establish the correspondence between
the tower of states and the low-lying part of the ES (cf.
Sec. IV A). This is numerically verified in Sec. IV B for the
J1-J2 kagome and triangular lattice Heisenberg models. The
fine structure (i.e., entanglement substructures) of ES levels
building the TOS is detailed in Sec. IV C. Finite-size behavior
of the (TOS) ES and its dependence on boundary conditions
are discussed in Sec. V. Section VI concludes the paper.
II. MODELS AND METHOD
In this paper, we consider the two-dimensional spin- 12
Heisenberg model with both nearest and next-nearest-neighbor
interactions (J1-J2), defined by the SU(2) symmetric Hamil-
tonian
H = J1
∑
〈ij〉
Si · Sj + J2
∑
〈〈i,k〉〉
Si · Sk. (2)
Here, Si are spin- 12 operators and 〈i,j 〉, 〈〈i,k〉〉 denote,
respectively, nearest-neighbor and next-nearest-neighbor sites
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FIG. 1. (Color online) The J1-J2 Heisenberg model on the trian-
gular (THA) and kagome (KHA) lattices. (a) Example of triangular
cylinder of length L and width W (measured respectively in units of
ax and ay). Total number of sites is given as W × L. Spins are at the
vertices of the lattice. Periodic boundary conditions are used along the
vertical direction. J1 (J2) is the interaction strength between nearest
(next-nearest) neighbor spins. In this work we restrict ourselves
to antiferromagnetic (ferromagnetic) J1 (J2) (i.e., J1 > 0, J2 < 0).
The dashed line is to illustrate the bipartition into two subsystems.
(b) Ordering pattern of the THA. Three possible orientations of the
sublattice spins are denoted as α,β,γ . The angle formed by any pair
of spins is 2π/3. (c) Heisenberg J1-J2 on the kagome lattice (KHA).
Total number of spins is now 3 × W × L. (d) Ordering pattern of the
J1-J2 KHA (
√
3 × √3 structure). Dashed line is to highlight the nine
spins unit cell.
on the lattice. We consider both triangular and kagome
cylinders of size W × L [see Figs. 1(a) and 1(c), respectively]
with periodic boundary conditions along the vertical direc-
tion. We choose J1 > 0 (antiferromagnetic nearest-neighbor
interactions) and J2 < 0 (ferromagnetic next-nearest-neighbor
interaction). Clearly, a large negative J2 favors the formation
of ferromagnetic sublattices [cfs. Figs. 1(a) and 1(c)] and
magnetic order.24 Here, in particular, we restrict ourselves to
J2/J1 = −1 to ensure a magnetically ordered ground state on
both the triangular and kagome lattice.
a. The triangular lattice. The ground state of the J1-J2
Heisenberg model on the triangular lattice (THA) exhibits at
J2/J1 = −1 (at a semiclassical level, i.e., considering large
spins S  1/2) the so-called 120◦ structure. This is depicted
in Fig. 1(b) and consists of three ferromagnetic sublattices
(associated with full breaking of spin rotational invariance).
Spins on the same sublattice are parallel, while the angle
between spins in different sublattices is 120◦. A possible
choice of ordering pattern is shown in Fig. 1 (spin orientations
are denoted as α,β,γ ). For spins S = 1/2 (which is the
case of interest here) quantum fluctuations are not strong
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enough to destroy the magnetic order and the 120◦ structure
survives. One should mention that this remains true at arbitrary
J2  0, as confirmed by spin-wave calculations,25–30 Green’s
function Monte Carlo,31 series expansions,32 tower of states
spectroscopy,16 and recent DMRG calculations.33
b. The kagome lattice. Much less is known about the phase
diagram of the J1-J2 Heisenberg model on the kagome lattice
(KHA) [cf. Fig. 1(c)]. At large ferromagnetic J2 < 0 (in
particular at J2/J1 = −1) the ground state exhibits magnetic
order a` la Ne´el with spontaneous breaking of SU(2) symmetry.
The selected ordering pattern is the
√
3 × √3 state [cf.
Fig. 1(d)]. As for the THA [Fig. 1(b)], three ferromagnetic
sublattices are present, although the unit cell (highlighted with
the dashed line in the figure) is now larger (it contains nine
spins).
One should mention that, while it is well established that the√
3 × √3 order survives at smaller J2 (i.e., at J2 > −1),19 it is
still a challenging task to determine the phase diagram of the
J1-J2 KHA in the limit J2 ≈ 0. In particular, the nature of the
ground state of the pure kagome Heisenberg antiferromagnet
(i.e., at J2 = 0,J1 > 0) is still debated. Several valence bond
crystals34–40 and spin liquid ground states41–53 (both gapless
and gapped) have been proposed. Remarkably, recent state-of-
the-art DMRG calculations have provided robust evidence of
a gapped Z2 topological spin liquid.54,55 Interestingly, there
is also evidence that the spin liquid behavior might survive at
small positive J2 with the formation of an extended spin liquid
region.56
c. Entanglement spectrum (ES). In order to calculate the ES
we consider the bipartition of the system (cylinders in Fig. 1)
into two equal parts A and B, using a vertical cut [dashed line
along the y direction in Figs. 1(a) and 1(c)]. As a consequence,
the boundary between A and B is a circumference of length
W . The total subsystem spin S2A is a good “quantum number”
for the ES and can be used to label ES levels, i.e., ES
levels are organized into SU(2) multiplets. Equivalently, the
entanglement HamiltonianHE (or the reduced density matrix
ρA) exhibits a block structure, each block corresponding to a
different SA sector.
d. Ground-state search (DMRG method). The ground state
is obtained in a matrix product state form by using state-of-
the-art SU(2)-symmetric single-site DMRG.57–59 DMRG is
a variational method in the ansatz space spanned by matrix
product states (MPS). The method allows one to find the
ground state of one-dimensional (1D) systems efficiently even
for large system sizes. It has also been successfully applied
to two-dimensional (2D) lattices by mapping the short-ranged
2D Hamiltonian exactly to a long-ranged 1D one.33,54,55,60–63
Here, to ensure independence on the actual mapping, we
performed several calculations using different mappings.
DMRG computational cost scales roughly exponentially with
the entanglement entropy and favors open (OBC) over periodic
boundary conditions (PBC). The conventional compromise,
taken also by us, is to consider cylinders, i.e., PBC along the
short direction (circumference W ) and OBC along the long
direction (length L) where boundary effects are less important.
Computational cost is then dominated exponentially by W .
Exploiting the power of the non-Abelian formulation we were
able to simulate the systems using up to 5000 ansatz states,
corresponding to roughly 20 000 states in an Abelian U(1)
DMRG, allowing us to obtain the ground state of (2) with
high accuracy, even for cylinders with W = 9 (for the J1-J2
THA) or fully periodic tori. One should also mention that
in SU(2)-broken phases the large entanglement gap, which
divides the TOS ES levels from the rest, reduces significantly
the effective number of states needed to get well converged
ground states.
III. TOWER OF STATES SPECTROSCOPY
IN SU(2) BROKEN PHASES
Due to its manifest spin rotational invariance, the finite-size
spectrum of (2) can be decomposed into the irreducible
representations of SU(2), using the eigenvalue S of the total
spin S2 to label energy levels (and eigenstates). The resulting
spin-resolved spectrum shows striking signatures of the SU(2)
breaking (happening in the thermodynamic limit). Exact
diagonalization studies19 demonstrated that at J2/J1 = −1 in
each spin sector S there is a family of (low-lying) levels, which
are clearly separated from the rest by an energy gap (at least for
large systems). These are called “quasidegenerate joint states”
(QDJS) in Ref. 17 and form the TOS structure.
The number NS of TOS levels in each spin sector is related
to the Ne´el state selected in the thermodynamic limit. For
instance, Ne´el ordering with two ferromagnetic sublattices (as
for the Heisenberg antiferromagnet on the square lattice24),
corresponding to the breaking of SU(2) down to U(1), implies
NS = 2S + 1. On the other hand, a complete breaking of SU(2)
(for instance, Ne´el ordering with more than two ferromagnetic
sublattices, as for both the THA and KHA, cf. Fig. 1) implies
NS > 2S + 124 (see also below).
The TOS structure can be obtained as the lowest energy
manifold of an effective Hamiltonian HT (“quantum top”),
which, for Ne´el order with three ferromagnetic sublattices
a,b,c, reads16,64–67
HT = 12χV
(
S2 − S2a − S2b − S2c
)
≡ 1
χV
(Sa · Sb + Sa · Sc + Sb · Sc). (3)
Here, χ is the spin susceptibility, V the volume (i.e., total
number of sites), and S (Sa,b,c) the total spin of the system
(sublattice). Notice that one could think of (3) as an effective
Heisenberg coupling between Sa,Sb,Sc, acting as collective
degrees of freedom. As the lowest energy manifold of (3)
is obtained choosing Sa = Sb = Sc = V/3 × 1/2, one readily
obtains the number of TOS levels per spin sector as NS =
(2S + 1)2.17 These, according to (3), are degenerate with
energy given as
ET (S) = 12χV S(S + 1), (4)
where we neglected the sublattice contributions, keeping only
S dependent terms. Plotted as function of S(S + 1), TOS
levels show the typical “Pisa tower” (linear) structure,17 with
a vanishing (as 1/V ) “slope.”
Still, one should think of (3) only as the low-energy approx-
imation of (2). To go beyond one can splitH asH = HT +H′
with H′ a (higher-energy) correction to HT . Specifically, one
has H′ ≈ Hsw, Hsw describing levels immediately above the
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FIG. 2. (Color online) Tower of states (TOS) structure in the ES of the J1-J2 kagome Heisenberg model (KHA) at J2/J1 = −1. Half-system
ES levels ξ vs SA(SA + 1), with SA the block spin. Symbols are DMRG data for the KHA on a cylinder with W = L/2 = 4 (a) and W = L/2 = 3
(b), same scale used on the y axis. Each point corresponds to a degenerate SU(2) multiplet (2SA + 1 levels). Filled symbols denote levels
building the TOS. Dashed-dotted line is to highlight the behavior as SA(SA + 1). TOS levels are divided from the rest (levels above the dashed
line in the figure) by an entanglement gap. Accompanying numbers are the numbers of TOS ES levels. (c) and (d) Enlarged view of the TOS
structures (i)and(ii) shown, respectively, in (a) and (b). In each SA sector, ES levels are shifted by the value of the highest level [dotted line in
(a) and (b)]. ES levels are plotted against the block spin SA. The number of degenerate SU(2) multiplets is reported in blue. In (d), the arrow is
to stress the presence of isolated (i.e., unpaired) multiplets (see also multiplets at SA = 7/2).
TOS structure. These correspond to spin waves (Goldstone
modes) and possess a linear dispersion, implying (using
that momentum is discretized on a finite lattice as 1/
√
V )
Hsw ≈ 1/
√
V . As a striking consequence, the TOS spectrum
(4) is divided from higher energy levels by an apparent gap at
V → ∞.
Moreover, since in general [HT ,H′] = 0, the degeneracy
within each TOS manifold at spin S [cf. (4)] is partly lifted,
implying that HT [cf. (3)] has to be modified. Notice that,
in principle, the final degeneracy structure can be predicted
using group symmetry analysis.17 Remarkably, in the limit of
large systems,HT can be mapped to the anisotropic “quantum
top:”17
HT = S
2
2V χ⊥
+ (S
z′ )2
2V
(
1
χ‖
− 1
χ⊥
)
. (5)
Here, Sz′ ∈ [−S,S] is the component of the total spin along the
third axis z′ of the “quantum top” (not necessarily the z axis in
the laboratory frame), while χ‖ and χ⊥ denote, respectively,
the parallel and transverse susceptibilities, which measure the
response to magnetic fields in the plane of the spins and in the
perpendicular one. Notice that both terms in (5) are ∼1/V . One
has for large system sizes χ⊥ = χ‖, reflecting the tendency
towards magnetic order and the system response becoming
anisotropic. The degeneracy structure of TOS multiplets is
now readily obtained from (5); in the sector with half-integer
S there are S + 1/2 pairs of degenerate multiplets, whereas
for integer S one has S degenerate pairs and an extra isolated
multiplet [corresponding to Sz′ = 0 in (5)].
IV. ENTANGLEMENT SPECTRA IN
SU(2)-BROKEN PHASES
In this section, we numerically demonstrate that in SU(2)-
broken phases the information contained in the energy
tower of states is nicely embodied in the lower part of the
ground-state entanglement spectrum (TOS-ES correspon-
dence). This section is organized as follows. In Sec. IV A, we
establish the TOS-ES correspondence,14,15 which is expressed
as a mapping between the TOS Hamiltonian HT and the
entanglement HamiltonianHE . This is supported numerically
in Sec. IV B highlighting TOS structures in the ES of the
J1-J2 KHA and THA (at J2/J1 = −1). Our main results are
illustrated in Figs. 2 and 3. Finally, the fine structure (TOS
substructure) of the TOS-related levels is detailed in Sec. IV C.
A. TOS-ES correspondence
It has been suggested recently that in systems breaking
a continuous symmetry in the thermodynamic limit the lower
part of the (ground-state) ES has the same structure as the TOS
energy spectrum.14 Here, we restrict ourselves to the situation
of SU(2) symmetry breaking. The correspondence can be
expressed as a mapping between an effective entanglement
HamiltonianHE (describing the lower part of the ES) and the
TOS HamiltonianHT . Specifically, one has14
HE ∝ HT (A)/TE, (6)
whereHT is restricted to the degrees of freedom of subsystem
A and TE ≈ vs/
√
V is an effective “entanglement tempera-
ture,” which reflects the presence of gapless excitations (spin
waves) arising from the breaking of the SU(2) symmetry
(here vs is the spin wave velocity). The behavior TE ≈ 1/
√
V
originates from the linear dispersion of spin waves and the
momentum quantization as 1/
√
V on a finite lattice.
From (6) two remarkable properties can be derived.
First, using that HT ∼ 1/V [cf. (5)] and TE ∼ 1/
√
V , one
obtains that the spacing between the ES levels building the
TOS structure is vanishing as 1/
√
V in the thermodynamic
limit. Additionally, including the spin-wave contributions
in the energy spectrum, i.e., replacing HT → HT +Hsw,
and assuming that ES levels above the TOS structure are
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FIG. 3. (Color online) Tower of states (TOS) structure in the ES of the J1-J2 Heisenberg model on the triangular lattice (THA) (J2/J1 = −1).
ES for half of the system: ES levels ξ vsSA(SA + 1),SA being the total subsystem spin. Symbols are DMRG data for cylinders withW = L/2 = 6
(a) and W = L/2 = 9 (b) (cf. Fig. 1). Each point corresponds to a degenerate SU(2) multiplet (2SA + 1 levels). Filled symbols denote the
ES levels forming the TOS. Dashed-dotted line highlights the TOS behavior as SA(SA + 1). TOS levels are divided from the rest of the
spectrum (levels above the dashed line) by an entanglement gap. The total number of ES levels in each SA sector is reported in green (numbers
accompanying ES multiplets). (Right) Enlarged view of the TOS structures in (a) and (b), ES plotted vs SA. ES levels at each SA are shifted
by the highest level [dotted lines in (a) and (b)]. Lines are guides to the eye as in (a) and (b). Accompanying numbers denote the number of
degenerate multiplets.
spin-wave-like, from (6) one obtainsHE as
HE ∼ (HT +Hsw)/TE. (7)
The behaviors TE ∼ 1/
√
V and Hsw ∼ 1/
√
V now sug-
gest the formation of a finite gap (in the limit V → ∞)
between the TOS structure and the higher part of the ES.
However, one should stress that a logarithmic vanishing of
the entanglement gap, also suggested by field theoretical
calculations,68 cannot be excluded. These findings (presence
of a finite gap in the ES and the finite-size behavior of the
TOS structure) have been confirmed in Ref. 15 for the 2D
Bose-Hubbard model in the superfluid phase.
Finally, it is interesting to discuss how TOS structures
affect the behavior of the entanglement entropy. The fact
that the low-energy part of (2) (and its ground state) can be
described by an effective free bosonic theory (Hsw, cf. Sec. III)
suggests that an area law behavior should be expected (cf. 1 and
references therein for a discussion of area laws in free systems).
On the other hand, the breaking of a continuous symmetry
gives rise to additive logarithmic corrections to the entropy,14
which, for instance, have been observed numerically in the 2D
Heisenberg antiferromagnet on the square lattice.69–71 At the
level of the ES, these corrections are associated with the TOS
structure, while the area law arises from ES levels above the
entanglement gap. Note that the entanglement gap is typically
large deep in a SU(2)-broken phase (see Sec. IV B), implying
that the TOS levels give the dominant contribution to the
entanglement entropy, while the area law behavior is recovered
only asymptotically for large system sizes.
B. DMRG results
a. J1-J2 kagome Heisenberg (KHA). We start discussing
the tower of states structures in the ES of the KHA at J2/J1 =
−1. Figure 2 plots the ES (DMRG data) obtained from the
ground state of the KHA on cylinders [cf. Fig. 1(c)] with fixed
aspect ratioW/L = 1/2 andW = 3,4 (respectively, center and
left panels in Fig. 2). Total number of spins in the subsystem
is given as 3W 2 (ES is for half cylinder) and is even (odd)
for W = 4(3). ES levels ξ are plotted versus SA(SA + 1), SA
being the total spin of subsystem A.
In each spin sector SA, a family of low-lying ES multiplets
[each point corresponds to an SU(2) multiplet of degenerate
levels, filled rhombi in Fig. 2] is well separated from higher
levels by a gap. The total number of levels below the gap
(TOS levels) in each sector SA is given as (2SA + 1)2 (numbers
accompanying ES multiplets in the figure), clearly reflecting
the corresponding multiplicity [as (2S + 1)2] in the energy
tower of states (cf. Sec. III). Also, the lower part of the TOS
levels exhibits the typical TOS behavior as SA(SA + 1) (see
dashed-dotted lines in Fig. 2) in agreement with (4) and (6).
The entanglement gap appears to be constant as a function
of SA (dashed line denotes levels immediately above the
TOS structure), similarly to what is observed in energy TOS
structures24 and in the ES of the 2D Bose-Hubbard.15
Interestingly, at each fixedSA, the TOS levels are not exactly
degenerate, and further substructures appear, reflecting the
presence of the second term in (5). TOS substructures are
better highlighted in Figs. 2(c) and 2(d) showing an enlarged
view of the TOS levels [same DMRG data as in panels (a) and
(b)]. In each sector SA we shifted the ES by subtracting the
value of the largest level [dashed-dotted and dashed lines are
guides to the eye as in panels (a) and (b)]. Reported numbers
correspond now to the number of degenerate SU(2) multiplets.
According to (6), the degeneracy structure in the TOS part
of the ES is the same as that in the energy tower of states. At
large system sizes and integer SA (i.e., even number of spins
in A) the TOS ES levels are organized in pairs of degenerate
multiplets, apart from one isolated multiplet at the top of each
SA sector. This is clearly supported in Fig. 2(c).
On the other hand, for half-integerSA only pairs of degen-
erate multiplets are expected [cf. (5)]. Figure 2(d) shows the
144426-5
F. KOLLEY et al. PHYSICAL REVIEW B 88, 144426 (2013)
TOS ES levels for the kagome cylinder with W = 3 (i.e., 27
spins in subsystem A). Although a clear tendency towards the
formation of pairs is visible (levels at the top of the structure
form pairs, while in panel (c) one has one isolated multiplet),
some deviations are observed. For instance [see arrow in
Fig. 2(d)], one has in the sector with SA = 3/2 four SU(2)
multiplets, but only two form a pair. Similarly, in the sector
with SA = 7/2 two isolated multiplets are visible. Since (5)
is valid only in the asymptotic (i.e., large V ) regime, these
deviations have to be understood as finite-size effects. Indeed,
we checked that at W = 5 (i.e., 75 spins in subsystem A) all
the (TOS) multiplets form degenerate pairs (at least in the first
few SA sectors).
b. J1-J2 triangular Heisenberg (THA). Further evidence
supporting the TOS-ES scenario is provided in Fig. 3 consid-
ering the 2D J1-J2 Heisenberg model on the triangular lattice
(THA). The ground-state ordering pattern [120◦ structure,
cf. Fig. 1(b)] contains three ferromagnetic sublattices [full
breaking of SU(2)] and the same tower of states structure as
for the kagome is expected.
Figure 3 plots DMRG data for the ES of the THA on the
cylinder [at fixed aspect ratio W/L = 1/2 with W = 6 and
W = 9, respectively, in panel (a) and (b)]. ES is for half of
the cylinder. Notice that we could access larger system sizes
than for the kagome (compare with Fig. 2). This allows us to
resolve the TOS multiplets (corresponding to 100 ES levels) at
SA = 9/2. As for the kagome ES (cf. Fig. 2), the lower part of
the ES (filled symbols in the figure) is divided from the rest of
the spectrum by an entanglement gap and exhibits the typical
TOS behavior as SA(SA + 1).
The correct SU(2) TOS level counting (i.e., number of TOS
levels in each spin sector SA) as (2SA + 1)2 is fully reproduced.
The fine structure of TOS multiplets (TOS substructure) is
highlighted in Figs. 3(c) and 3(d). Remarkably, for odd number
of spins in A all TOS levels are organized into pairs of
degenerate multiplets [cf. Fig. 3(d)], whereas for even ones,
there is an isolated ES multiplet at the top of the structure [cf.
Fig. 3(c)], signaling that finite size corrections are somehow
smaller than in the kagome ES (cf. Fig. 2).
C. Tower of states entanglement substructures
We now analyze quantitatively the structure of the TOS
ES multiplets. We start with observing that in the limit of
large cylinders the effective entanglement Hamiltonian HE
describing the TOS structure is obtained from (5) and (6) as
HE ∼ S
2
A
vsχ⊥W
−
(
Sz
′
A
)2
vsW
(
1
χ⊥
− 1
χ‖
)
, (8)
where we used that
√
V ≈ W . While the first term in (8)
gives the TOS behavior as SA(SA + 1) (cf. Figs. 2 and 3), with
(2SA + 1)2 degenerate levels at each SA, the second gives rise
to the substructures in Figs. 2, 3(c), and 3(d).
These are shown in Fig. 4 plotting the shifted ES levels
(same DMRG data as in Figs. 2, 3(c), and 3(d)] for both
the triangular and kagome J1-J2 Heisenberg model at
J2/J1 = −1. Since ES levels in each sector SA are shifted by
the value of the largest level, the contribution of the first term
[∼SA(SA + 1)] in (8) has to be neglected. Thus, structures
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FIG. 4. (Color online) TOS entanglement substructures. ES of
the Heisenberg J1-J2 model on the triangular (THA) and kagome
(KHA) lattice: ES levels ξ vs the total spin SA of subsystem A. Each
point corresponds to a degenerate SU(2) multiplet (2SA + 1 levels).
Only multiplets building the TOS structure are shown. In each spin
sector with fixed SA, ES multiplets are shifted by the value of the
largest level. Rhombi are the same DMRG data as in Figs. 2, 3(c),
and 3(d). The squares denote the (one parameter) fit to the theoretical
prediction [cf. (8)] in the limit of large systems (W,L → ∞). In
all panels, accompanying numbers denote the number of degenerate
SU(2) multiplets.
appearing in Fig. 4 are described by α[(Sz′A )2 + s0], being
α ∼ (χ‖ − χ⊥)/(vsWχ⊥χ‖), and s0 = 0(−1/4) for
integer(half-integer) values of SA.
This scenario is confirmed fitting TOS levels in Fig. 4
to α[(Sz′A )2 + s0], with α the only fitting parameter. For the
THA (including in the fit only the ES towers with SA  3),
it is α ≈ 0.21, while for W = 9 (now including all the ES
levels with SA  9/2) one obtains α ≈ 0.12. Notice that it
is 0.12/0.21 ∼ 0.6 ∼ 2/3, supporting the behavior α ∼ 1/W
[cf. (8) and Sec. V]. For the KHA (W = 4), a similar fit gives
α ≈ 0.17, (only ES levels with SA  3 were fitted). Results
of the fit are shown in Fig. 4 as squares and are in excellent
agreement with the DMRG data. Also, the agreement is better
at larger system sizes (compare in Fig. 4 DMRG data for
the THA at W = 9 and 6), confirming that (8) holds in the
asymptotic regime V → ∞.
V. FINITE-SIZE AND BOUNDARY EFFECTS
IN TOS STRUCTURES
One crucial consequence of the correspondence between
TOS and entanglement spectra, according to (8), is that the
spacing within low-lying ES multiplets is ∼1/√V ≈ 1/W .
Oppositely, the entanglement gap between the TOS part and
the rest of the spectrum remains finite in the thermody-
namic limit (or vanishes logarithmically, cf. the discussion
in Sec. IV A). These features are numerically demonstrated in
Sec. V A.
The effect of boundary conditions on TOS structures is
instead discussed in Sec. V B, by examining the ES of the J1-J2
KHA on the torus. The most notable consequence of the torus
geometry is that the number of boundaries between the two
subsystems is doubled. However, although this gives rise to
quantitative differences compared to the cylinder geometry,
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qualitative features [i.e., TOS behavior as SA(SA + 1) and
TOS multiplets counting] remain unchanged, signaling the
bulk origin of the TOS structures.
A. Entanglement gap and TOS level spacing:
finite-size scaling analysis
The structure of the lower part of the ES (TOS structure)
can be characterized using the entanglement gap 
0 and the
tower of states level spacing δ.15 These are defined pictorially
in Fig. 5(a). More formally, δ is the “distance” between the
two lowest levels in the sectors with SA = 0,1 (respectively
SA = 1/2,3/2 for SA half integer), i.e., δ ≡ ξ1 − ξ0 with ξσ
the lowest ES level in the sector with SA = σ . This is also a
measure of the “slope” of the TOS structure. The entanglement
gap 
0 measures, instead, the separation between the TOS
structure and the higher ES levels. Since it depends weakly
on SA (cf. Figs. 2 and 3), here we consider the gap 
0 in the
lowest spin sector [SA = 0(1/2) for integer (half-integer) SA].
Figure 5(b) plots 
0 as a function of the boundary
length 2  W  9 for both the kagome and triangular J1-J2
Heisenberg models (J2/J1 = −1). The ES is for half of
the system and data are DMRG for cylinders with fixed
aspect ratio W/L = 1/2. For both models, the extrapolation
to infinite cylinders (assuming the behavior 1/√V ∼ 1/W )
(dotted lines) suggests a finite value (crosses in the figure) of

0 (see, however, the discussion in Sec. IV A).
Figure 5(c) shows δ versus 1/W . In order to avoid parity
effects (in V ), we plot δ/dS2A, with dS2A ≡ SA(SA + 1)|1 −
SA(SA + 1)|0. Clearly, this is vanishing for infinite cylinders
(W → ∞). The expected behavior δ ∼ 1/√V ∼ 1/W [cf.
(8)] is fully confirmed for the J1-J2 THA (rhombi in the figure,
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FIG. 5. (Color online) Finite-size scaling of the entanglement gap

0 and the tower of states spacing δ in the J1-J2 Heisenberg model
on the kagome (KHA) and triangular (THA) lattice (at J2/J1 = −1).
DMRG data for the ES of half the system (cylindrical geometry as in
Fig. 1 with fixed aspect ratio W/L = 1/2). (a) Pictorial definitions
of entanglement gap and tower level spacing: δ is the “distance”
between the two lowest levels in the ES (here respectively in the
sectors SA = 0 and SA = 1). 
0 is the gap between the TOS structure
and higher ES levels in the SA = 0 sector. (b) 
0 as a function of
1/W : the gap is finite in the limit W → ∞. Dotted lines are fits
to A + B/W . The extrapolated values for A are shown as crosses.
(c) Vanishing of the tower level spacing δ in the thermodynamic limit.
To avoid odd-even effects, δ is divided by dS2A = 2,3 for, respectively,
integer and half-integer SA. δ/dS2A plotted vs 1/W . Dotted lines are
fits to A/W .
dotted line is a fit to A/W ), while for the J1-J2 KHA the
scenario is less robust due to residual parity effects.
B. Periodic boundary conditions: ES of the KHA on the torus
Boundary conditions, in particular, number of boundaries
between the two subsystems, can affect dramatically the ES
(and the entanglement entropies). For instance, in gapped
(nontopological) one-dimensional and two-dimensional sys-
tems the ES is a boundary local quantity4,15 and a change in
the number of boundaries leads to quantitative and qualitative
changes in the ES. It is interesting to clarify the effect of
boundary conditions on the TOS structures outlined in Sec. IV.
To this purpose here we consider the ES of the J1-J2 KHA on
the torus.
This is illustrated in Fig. 6 (ES for half-torus, DMRG data
at J2/J1 = −1). Data points are for both W = 3 and 4 [at fixed
aspect ratio W/L = 1/2, respectively, (a) and (b) in Fig. 6].
The main features of low-lying ES multiplets are the same
as in the cylindrical geometry (compare Fig. 6 with Fig. 2).
The linear behavior of the ES as function of SA(SA + 1) (Pisa
tower structure) is clearly visible and an apparent gap divides
the low-lying ES multiplets from the rest. The number of levels
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FIG. 6. (Color online) ES of the kagome J1-J2 Heisenberg model
(KHA) on the torus. Data is DMRG at J2/J1 = −1 and W = L/2 =
3, W = L/2 = 4 [respectively, panels (a) and (b) in the figure]. The
ES is for half of the torus: ES levels ξ plotted vs the subsystem spins
SA(SA + 1). Filled rhombi denote the tower of states (TOS) ES levels.
The numbers are the total numbers of TOS levels in each sector SA.
The dashed-dotted line highlights the linear behavior [with respect to
SA(SA + 1) of TOS levels]. The dashed line marks the higher part of
the ES. (c) and (d) Enlarged view of TOS structures: TOS ES levels
[same data as in (a) and (b)] shifted by the value of the highest level
[dotted line in (a) and (b)] plotted vs SA. The squares denote the (one
parameter) fit to the expected result in the large volume limit [cf.
formula (8)]. The number of degenerate SU(2) multiplets is shown in
blue.
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building the TOS sector with fixed SA is given as (2SA + 1)2
(i.e., as for kagome cylinders).
The effective entanglement HamiltonianHE describing the
TOS structure is given by (8). This is demonstrated in Figs. 6(c)
and 6(d). ES levels (only TOS levels are shown) are plotted
versus the block spin SA. Each ES tower (at fixed SA) was
shifted by subtracting the contribution of the largest level (in
that sector). Squares are one parameter fits to α[(Sz′A )2 + s0]
(α is the fitting parameter, cf. Sec. IV C), which give α ≈ 0.16
and α ≈ 0.11 for, respectively, W = 3 and 4. It is instructive
to observe that for kagome cylinders one obtains α ≈ 0.17
at W = 4 (cf. Sec. IV C). The reduction of α (by a factor
≈2) has to be attributed to the two boundaries (between the
subsystems).
VI. CONCLUSIONS AND OUTLOOK
In this paper, we studied the ground-state entanglement
spectrum in SU(2)-broken phases. We considered the two-
dimensional J1-J2 Heisenberg model on both the triangular
and kagome lattice, restricting ourselves to antiferromag-
netic(ferromagnetic) J1(J2) and J2/J1 = −1.
On both lattices the ground state of the model displays
magnetic order [and SU(2) symmetry breaking, in the thermo-
dynamic limit]. This is associated with the appearance in the
finite-size (spin-resolved) energy spectrum of a special type
of low-lying excitations, forming the so-called tower of states
(TOS). The TOS structure is divided from the higher part of
the spectrum (at least for large system sizes) by an energy
gap. The number of TOS energy levels in each spin sector S
reflects the selected symmetry breaking pattern and is given as
(2S + 1)2.
In this work, we demonstrated that this structure is reflected
in the lower part of the ground-state ES. Precisely, the ES
exhibits families of low-lying levels, which are divided from
the rest by an entanglement gap, and form a TOS-like structure.
The number of TOS levels in a given (subsystem) spin
sector SA is (2SA + 1)2, clearly reflecting the corresponding
counting in the energy TOS. Moreover, finite-size behaviors of
low-lying ES levels can be understood in terms of the energy
TOS. All these features can be expressed quantitatively as a
mapping between the low-lying structure (excitations) of the
physical HamiltonianH and of the entanglement Hamiltonian
HE [expressed by formula (8)].
On the methodological side, our results suggest that entan-
glement (tower of states) spectroscopy, combined with SU(2)-
symmetric DMRG, could be used as a tool for characterizing
SU(2)-broken phases. Finally, we would like to mention that an
intriguing research direction originating from this work would
be to investigate how the TOS structure evolves in the J1-J2
kagome Heisenberg model as the J2 = 0 point is approached.
In particular, it would be interesting to characterize how the
low-lying ES levels rearrange to reflect the onset of the Z2 spin
liquid found in Refs. 54 and 55.
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